We consider maximal violations of the Leggett-Garg inequality, obtained by maximising over all possible measurement operators, in relation to non-unitary aspects of the system dynamics. We model the action of an environment on a qubit in terms of generic quantum channels and relate the maximal value of the Leggett-Garg correlator to the channel parameters. We focus on unital channels, and hence on decoherence. In certain important cases, exact relations between the channel parameters and maximal violations can be found. Moreover, we demonstrate the existence of distinct thresholds for the channel parameters, below which no violation of the Leggett-Garg inequality can occur.
I. INTRODUCTION
The Leggett-Garg inequality (LGI) [1] has been the focus of much recent attention, both in theory [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] and in experiment [12] [13] [14] [15] [16] [17] [18] [19] . The inequality (or its simplest variant) reads
where C αβ = Q α (t α )Q β (t β ) is the correlation function of the dichotomous variables Q α,β = ±1 at times t = t α and t = t β . Under the condition that the measurements are performed non-invasively, violation of this inequality implies the absence of a macroscopic real description of the system [1] . Due to the existence of superposition states, quantum mechanics is not a macroscopic real theory, and can thus violate Eq. (1). A two-level system undergoing Rabi oscillations, for example, can achieve a value of K = 3 2 for appropriate parameters. Violation of the LGI by a quantum system is related to, and is typically taken as an indication of, quantum coherence in the system.
It is the aim of this paper to make a quantitative link between coherence -or rather, decoherence, the process by which coherence is lost -and violations of LGI. The point-of-view we take is that, if we had a perfect quantum system and could control its evolution as we please, then we should be able to violate Eq. (1) maximally. On the other hand, a system which supports no coherence (over the relevant time-scales) should certainly not produce a violation. In between these two extremes lies a spectrum of partially coherent dynamics and the questions is what happens for such intermediate cases? What quantitative statements can we make concerning the degree and kind of decoherence and violations of LGI?
Our approach to answering these questions involves of two elements: First, we describe the time evolution of the system between measurements in general terms by making use of the formalism of quantum channels [20, 21] . Second, we shall study the maximal violations of Eq. (1) obtained by maximising over all possible choices of the measurement operators Q α . This approach takes a significant part of the unitary component of the quantum evolution as given and allows us to connect K max , the maximised value of the correlator from Eq. (1), to the non-unitary aspects of the dynamics.
The template for this approach is that taken with the (spatial) Bell's inequalities [22, 23] . In the CHSH inequality [24] , for example, maximising over all possible detector angles establishes a direct relationship between the Bell correlator and the entanglement of the state under test (at least for pure state of two qubits) [25] . For the CHSH inequality, maximization over measurement angles connects the value of the Bell correlator with a property of the input state (entanglement). In contrast, maximization over measurement angles for the LGI reveals the connection between the Leggett-Garg correlator, K, and a property of the dynamics (decoherence, dissipation).
Whilst our approach is general, we will focus here on a single qubit and environments whose effect on the system are Markovian. We shall also focus on situations in which the system undergoes decoherence but not relaxation, i. e. the channels we will mostly consider are unital channels [20] . Non-unital channels are briefly discussed in Sec. V
II. LGI IN TERMS OF QUANTUM CHANNELS
We begin by describing our generic model of the measurement of Eq. (1) for a qubit.
A. Measurements
We assume that the measurements used to build C αβ are projections performed in an arbitrary basis. Specifically, we parameterise the measurement of Q α as first a rotation of the system with the unitary
followed by a projection on to σ z eigenstates, and then by the back-rotation, q can the be described by the map ρ → Q α [ρ] acting on density matrix ρ.
B. Quantum channels
We will describe the time evolution between measurements in terms of the formalism of quantum channels [20, 21] . The most general map of one density matrix onto another, ρ → Φ [ρ], can be written
where u and v are unitary rotations and S is a superoperator responsible for non-unitary evolution whose action can be specified as follows. Every density matrix can be written ρ = 
with b i and c i real. That the map must be stochastic (i.e. S[ρ] is a valid density matrix) implies constraints on the coefficients b i and c i .
The main focus of this work will be the so-called unital maps for which all b i are zero. Channel Φ then maps the unit-matrix onto itself and describes a contraction of the Bloch sphere without displacement. Such channels describe evolutions with decoherence but no relaxation. In this unital case, the coefficients obey [20] .
C.
LG correlation functions
We assume that the time evolution of the system from t 1 to t 2 is described described by the map ρ → Φ 1 [ρ] and that from t 2 to t 3 by ρ → Φ 2 [ρ]. This we assume to hold for the measurement of all three correlation functions C ij in Eq. (1). In particular, the time evolution from t 1 to t 3 in the correlator C 31 is given by the composite ρ → Φ 2 [Φ 1 [ρ] ]. This situation is not the most general, as it implies the absence of entanglement of the system with the bath at time t 2 . This model includes all Markovian environments.
With density matrix ρ represented by vector |ρ , the action of each channel map and each measurement superoperator can be written as matrices acting from the left, e.g. Φ i [ρ] ↔ Φ i |ρ . In this representation, the trace operation is effected by multiplication from the left with the vector 1| = 
Since we are not explicitly interested in the unitary part of the evolution, we separate each Φ i as in Eq. (3) and redefine the measurement operators and initial state to remove the unitaries as far as possible. After so doing, the only unitary part that remains can be expressed in terms the single rotation w = u 2 v † 1 . With definition of the superoperator, W |ρ ↔ wρw † , and its inverse, W −1 |ρ ↔ w † ρw, we obtain
Our task now is to maximise K of Eq. (1) with these correlation functions over all measurement angles from the parameterisation Eq. (2). This task in too difficult to be performed analytically in the most general case. We therefore consider some reduced cases of the greatest interest. In all cases the maxima are found by setting the derivatives of K with respect to the various angles to zero and solving. Extensive comparison with numerical results was also carried out to ensure that the maxima described are global and not local.
III. SINGLE UNITAL CHANNEL
We begin with a simple case, in which the second channel is purely unitary: S 2 → 1. In this case, the rotation W cancels from all correlators, which then involve only the measurements and the S 1 matrix. With S 1 unital, the three correlation functions in terms of the angles of Eq. (2) read
for k = 2, 3. These correlation functions, and thus the value of K, do not depend on the initial state ρ (as has been observed for the LGI without dephasing [26] ). With these correlation functions, K shows local maxima at values K = 1 + [27] . The maximal value for a given set of c i parameters is therefore
Thus, providing that the channel can support some degree of coherence, i.e. the channel does not map every input state onto the maximally-mixed state, then some degree of violation of the LGI is possible since K
max > 1 provided at least one c i is non-zero. The maximization over all measurement angles serves to pick out the direction in which c i is largest to obtain the largest violation.
A. Example: Mach-Zehnder Interferometer
The effect of decoherence on the test of LGI with MachZehnder geometry [10, 11] can be formulated within this single-channel language. If we assume that the decoherence of the two paths occurs exclusively before the second measurement, then the decoherence can be modelled by setting c 3 = 1 and c 2 = c 1 , with the value of c 1 depending on the strength of the decoherence.
According to Eq. (9), the maximal violation obtained with this set-up should be K max = 3/2 since max [c i ] = 1. This is the same as in the absence of decoherence. In Ref. [11] , however, decoherence was found to reduce the value of K away from this value. The resolution is that in Ref. [11] , the measurement Q 2 occurs in a fixed basis, namely the basis in which the off-diagonal elements of the density matrix are reduced by decoherence. By fixing θ 2 = 0 in our work, the three LG correlators read
which (up to trivial redefinitions) are the same as found in Ref. [11] . Maximisation of K over the remaining angles gives
, which is equivalent that found in Ref. [11] . This shows that this simple single-channel model can reproduce the results of a proposed LGI test.
IV. TWO UNITAL CHANNELS
We now consider the case where both channel matrices S i are the same. Physically, this would most likely arise when the same decoherence mechanism is active throughout the experiment and the times in the LGI are equally spaced: t 2 = t 1 + τ and t 3 = t 1 + 2τ , as is the most-often-studied case.
As in the foregoing, the specification of unital channels makes K independent of the initial state. We will study two cases separately here: first the case where the unitary component coming from the channels is absent: W = 1 (which implies implies u = v); and then the case without this restriction.
A. No W rotation
With W = 1, the maximization of K can be performed analytically. Let us denote c = max {c i }, and c ′ the next largest of the three c i . Three maxima of K are relevant:
which is valid for all parameter values; 
which is only valid when
which is only valid for |c| c 2 +c ′ 2 < 1 [28]. Apart from the constraints mentioned, the value of K max is the maximum of these three values. Figure 1 shows the value of K max obtained for a set of randomly generated c i values, plotted as a function of c. In generating the set of c i values, Eq. (5) must be obeyed. For |c| < 1/2 the maximal value depends only on the value c, with K max = K (2a) max ≤ 1. Above this value, the two further solutions come into play and, for a given value of c, K max can take on a spread of values. The lower bound of this spread is simply K 
for |c| > 1/2. The violation of the LGI has a very clear threshold in this case -the upper bound for K max only exceeds unity if c is greater that
. Thus, for violations of the LGI to occur, it is a necessary condition that
and if dephasing is too strong, violation of the LGI can not occur. Eq. (15) is in itself not sufficient to ensure violation, as the lower bound lies within the classical bound for all values of c. Consideration of the other parameters must be made to determine whether there is a violation or not. One general remark can be made, however. If one or two of the c i are zero, then the maximum value of K max is restricted to the solution K 
B. With W -rotation
The addition of the rotation W complicates the maximisation of K significantly, and an expression for the complete dependence of K max on all parameters is not forthcoming. Nevertheless, some exact statements can be made. Figure 2 shows K max for random values of the rotation angles θ W and φ W as well as c i . For c < 1/2, the solution K (2a) max becomes the upper bound for K max , and a lower bound of
develops [29] . For c > 1/2, the upper and lower bounds on K max are exactly the same as in the W = 1 case. Importantly, this leaves the threshold behaviour unaltered: a c of greater than 1/ √ 2 is required for violation of the LGI to be possible.
An illustrative, exactly-solvable, example of the dependence of the results on the relative-unitary angle θ W obtains when c 1 is the only non-zero coefficient and φ W = 0. In this case, K max is given by the maximum of |c 1 | (2| cos θ W | − |c 1 | cos 2θ W ) or |c 1 | (2| sin θ W | + |c 1 | cos 2θ W ). The behaviour of this maximum is illustrated in inset of Fig. 2 and shows a strong variation with angle θ W , even ranging from 1 to 3/2 in the limiting case of c = 1.
C. Example: Depolasing channel
Let us consider that the channel in question is a depolarising channel, i. e. unital with c i = c. In this case, we find
irrespective of whether W = 1 or not. In this case, K max simply follows the upper bound in Fig. 1 . That K max is independent of W as can be explained by the isotropy of S.
D. Example: Damped Rabi oscillations
The typical experimental system in which the LGI has to-date been investigated is a qubit undergoing damped where Ω is the Rabi frequency, Γ the decoherence rate and t, the time. This evolution corresponds to a unital S matrix with c 2 = c 3 = e , we obtain a condition on the ratio of decoherence rate and Rabi frequency
for violations of the LGI to be possible.
V. NON-UNITAL CHANNELS
The general non-unital case is markedly more complex than the foregoing and we will not attempt to give a comprehensive analysis here. Nevertheless, it is worth highlighting a few important aspects that differ from the unital case.
A. Single non-unital channel
Repeating the single-channel calculation of section III with a non-unital S-matrix, we observe -and this is a general feature of the LGI for non-unital evolutionthat the value of K, and hence K max , does depend on the initial state.
In the single-channel case, however, if the input state is the complete mixture ρ = 1, it turns out that the LGI correlation functions are exactly the same as in Eq. (8) . This means that for this initial state, the non-unital results are independent of the parameters b i . In general, though, K depends both on the initial state and on the non-unital parameters b i . By way of example, consider a "classical channel" [20] 
B. Two non-unital channels
In the two-channel non-unital case, the LG parameter K depends on the input state once again. Here we shall only consider a completely mixed state as input. . By setting c + √ 2b 1 = 1, we obtain l = 1 and it is with this condition that maximal value of K is reached for a given value of c. The expression for the upper bound so determined is
The complete upper bound consists of the first value (unity) for |c| 0.544, and K
max above this value. The lower bound shows an asymmetry with respect to the sign of c. For c > 0, the bound is simply K
With W rotation, the bounds are extended somewhat. The lower bound becomes K is equal to one. For a given c 1 , we have to numerically optimise the value of b 1 that gives the maximum violation. With the above set, the maximizing angles are θ 1 = π/2, φ α = φ W = 0. The remaining angles, θ 2 , θ 3 and θ W , are then found numerically.
The most significant feature of Fig. 3 is that whilst the violation in the W = 1 case still shows a threshold behaviour, with finite W it does not. With W = 1, violations are only possible for |c| 0.544 whereas violations, even if only small, are possible for all c = 0 in the finite W -rotation case. This enhanced violation arises because the relaxation present in the non-unital case can lead to an increased purity of the output state in comparison with that following from the same channel with b i = 0.
VI. CONCLUSIONS
We have used here a maximisation over measurement angles to investigate the relationship between the LGI parameter K and the non-unitary aspects of the dynamics as expressed through the quantum channel parameters c i and b i . The rotation W (relative unitary) between the two-channels was also seen to play a role.
With just a single unital channel, the relation between K max and the channel parameters is extremely simple, Eq. (9), and except for the trivial case in which the channel maps every state onto the unit matrix, violations of the LGI can always be found. In contrast, the twochannel unital case shows a threshold behaviour, such that no violations occur if the maximum dephasing parameter c is less than 1/ √ 2. This allows us to rule out violations of the LGI for a large class of environments.
The non-unital case is significantly more complex than the unital and we have only touched on it here. Importantly, the LG correlation function and its maximum value are no longer independent of the initial state. In the most general non-unital case, the threshold behaviour disappears, although this re-emerges for restricted classes of channel. In the unital case, considering K max as a function of c provides a useful way of organising the behaviour of the LGI. For the non-unital case, it is not clear whether this is still the case, since the effect on K max of the displacements b i are on an equal footing to those caused by the contractions c i . More work is certainly needed on this front.
Our results set upper bounds on the possible values of K for a given system. If in experiment the measurement basis is restricted, or equivalently if the unitary dynamics of the system is not completely controllable, then these additional restrictions may mean that the maximum value of K obtained in experiment is less than the bound K max here. Knowledge of the maximal violation, however, may also suggest ways in which the experimental measurements could be modified to maximise the violation. One further perspective on our results is that a measurement of K max allows us to infer certain information about the channel(s) in question, in particular, bounds on c. In this context, the local maxima of K, and not just its global maximum, can provide additional information, e.g. in the single channel unital case, knowing the local maxima provides all three c i . Whilst this is an interesting perspective on the violations of the LGI, it would not represent an efficient way to experimentally characterise the channels(s) in question.
Finally, we mention that the system-environment interaction considered here is not the most general, as we have excluded the possibility of system-bath coherence at the point where the second measurement is made. The influence of strongly-coupled quantum environments on the LGI remains to be seen.
